Integrals-tasks (III part) - PARTIAL INTEGRATION (Integration by parts)

If u and v are differentiable functions of x, then:

judv =uv—jvdu

This method, partial integration, typically at the beginning of the study poorly understood. We will try, as far as

the written word it allows , to make you closer and explain method .

Given integral we compare with judv . "Something" (for example, ® ) select to be u#, and ““ something” , for

example Adx, to be dv.

From what we choose to be # we are looking derivate , and from what we have chosen to be dv we are looking
integral:

O=u Adx=dv
®'dx =du J-Adx =y

When we find du and v ,we change that in formula of partial integration uv — I vdu . The idea of partial integration is

that .[ vdu must be easier than J-udv.
The most common example in which teachers explain the partial integration is:
Example 1. jxe”‘dx =?

This integral compared with judv. Will choose that x =u and e dx=dv.

X=u e'dx=dv
jxe“‘dx =|dx =du Ie"dx =v|=this replace in u -v—jvdu

e =v

=x-e"—je”‘dx=xe”‘ —e"+C=le(x-1)+C

u-v

J. v-du
And what would happen if we choose wrong? Da vidimo: Let's see:
e =u xdx =dv
2 2
jxe"dx =le*dx=du jxdx =V = x? e — I x? -e“dx| — This integral is "heavier" than the original!
x2
— =y
2




To be "smart" pick in the given integrals, we will share in the 4th group.

1. GROUP Here we choose the x or term associated with x equal to U, and everything else is dv

For example: J-xcosxdx, J-(l—x)sinxdx, Ixexdx, J.%dx, J-(xz —2x+5)e "dx ...
sin” x

2. GROUP Here does not take x for u, but function in addition to x, (ie the term with x). Inx = u,

arcsinx = u, arctgx =u and the restis dv.
For example: Ix In xdx I x arcsin xdx , Ixzarctgxdx , Ix3 Inxdx ...
3. GROUP Here we take dx=dv, and Inx=u or arcsinx=wu or arctgx =u.....

For example: Iln xdx , Ilnzxdx , I arctgxdx , Iarcsin xdx ...

4. GROUP These circle integrals, who always have their " friend " through which it is integral to give back to
the beginning ...

For example: Ie" sin xdx , I e’ cosxdx, Isin(ln x)dx , I cos(In x)dx
From each group will do a few examples ...

Clearly, the example made Ixe"dx belongs to the first group.
Example 2. J-(l —Xx)sinxdx =?

l-x=u sinxdx=dv

_f(l — x)sin xdx =|—dx = du _fsinxdx =v|=((-x)(—cosx)— I (—cosx)(—dx) = |(x —Dcosx—sinx+C

—CcosxX=v ' [
Example 3. J- dec =?
cos” x
d
X=u )g =dv
Ccos” x
xdx dx
:dx:du =V|=x-t -\t d:
J-coszx J-COSZ)C sy J-gx *
gx=v




J- tgxdx =?

) cosx =t
J.tgxdx = J-ﬂdx =|—sinxdx = dt| = —dt = —1n|t| = —1n|cosx|
CoS X ) t
sin xdx = —dt
back to the task:
j xdzx =x-tgx—jtgxdx :x-tgx—(—ln|cosx|)+C: x-tgx+1n|cosx|+C
cos” x

lenxdx:?

Here is tempting to take that x = u, but it led us to a dead end ...

This integral is from the second group:

Inx=u jxdx=v

2 2 2 by
J-xlnxdxz 1 2 :lnx-x— - x—-ldx:x—-lnx—J-x—-dez
X 2 jvdu
x2 2 1 2 x2 2

:—-lnx—ljxdx:x—-lnx——-x—+C: 2 omx-Z+C
2 2 2 2 2 2 4

Example 5. I x-arctgxdx =7

arctgx =u J.xdx =v 5 ) , ,
b X x* 1 X
fx~arctgxdx = 1 2 = arCtgx'__.[_' > dx = arctgx _____ J' > dx
dx = du x_:v 2 2 1+x 2 2 Y1+x
2

1+x?

jlszdeV
2 24111 241 | pe=q1 |
j)cszrldx:Ixx:-Jrl dxz.[;ildx—sz+1dx2j%dx—jx2+ldx

:jdx—szl_i_ldx:

S x 1
Now, we have: x-arctgxdx = arct x-x———- dx =arctgx -— ——(x—arctgx)+C
'[ & & 2 2 J‘1+xz & 2 2( &)




And this is the integral of the second group al is a bit heavier and has more work.

3
arccosx =u - dx =dv
’ 1-x
J- : a/— rccozs xdx = d 3 = Framed integral will be solved "on side"
1-x _ X —du J- X dr=v
1-x° 1-x7
1—x* =1

[x*] x —Zxdx = Ztdt s o £ -3t
U— B N[t B S| cdan=J =T ==

1-x" =t >x° :
t(t* -3) B V1-x*(1-x*=3) B V1=x* (=x* =2) __\/l—x2 (x> +2)
3 3 3

3

Let's go back now in the partial integration:

3
arccosx =u

dx=dv
I x> arccos x VI=x*

dx = =

V1-x? dx V1=x* (2% +2) -
- =du - 3 =y
Vl-x

=arccosx-(—\/1_x 3()c +2))_J[_ :}1—&3()6 +2)][_ dx ]

=—arccos x - (

\/1—x23(x2 +2))_%J(x2 +2)dx

N1I-x*(x*+2). 1 x°
3

)— (— 2x)+C

=|—arccos x - (




finss =

This is integral in our group III.

Inx=u dx=dv

Ilnxdxz lclxzdu Idxzv :lnx-x—jx-ldxzxlnx—jX-idxlenx—x+C=
X X

X=V

.[lnz xdx =7

In*x=u dx=dv|
Ilnzxdx:?dx:du Idx:v , 72=9
xX=v

asis (In’x)=2mnx-(Inx)= 2lnx-l = 2Inx
X X
Let's go back to the task:
Inx=u dx=dv

Inx

2lnxdx:x-ln2x—ZIX-de:xlnzx—2 Ilnxdx

X

2Inx

Ilnzxdx: dx =du J.dx:v =ln2x-x—jx~

X
X=V

We worked and got J-ln xdx , That we have decided in the previous example. So here we would have to do a new

partial integration!

We will use the solution to the previous example .[ln xdx =x(Inx—1)

So the solution of our integral is:

Ilnzxdx=x~ln2x—2.[lnxdx =x-In*x-2x(Inx-1)+C=|x-(In> x-2Inx+2)+C




jln(x+\/1+x2)dx:?

This is a difficult task and we will have more work ...

fln(x+m)dx:1“(““”z):” di =dv
2du

X=V

, ?=? To find the derivative:

(G- T 0 )] (T el — (1 x))

x+V1+x? x+\/1+x2 2\/1+x2
1 1
= (1+ Zx)
x+V1+x° Z\/1+x2
1 X
= (1+ )
er\/ler2 \/ler2

1
- : )=
M VI+x? VI+x?

Let's go back to the task:

In(x+v1+x*)=u dx =dv
Iln(x+x/1+x2)dx= 1 :ln(x+\/1+x2)-x—_[x-
dx =du xX=v
V1+x?

=ln(x+\/l+x2)-x—j Y x| =
N1+ x?

Again the problem, draw a framed integral and solve it using substitution:

. Vi+x? =¢
J-T_xzdx:\/x_dx_t .[dt—t—\/l—kx
1+x°

Finally, the solution will be:

Iln(x+\/1+x2)dx: x-ln(x+\/1+x2)—\/1+x2 +C

And to show a few examples from the IV group:




.[ sin(ln x)dx =?

Start with partial integration (initial integral is usually marked with 1):

sin(lnx) =u dx =dv
1= jsin(ln x)dx =|cos(In x)- (In x)'dx = du xX=v |=

cos(In x) -ldx
X

=sin(In x) - x — j X -cos(In x)-—dx = sin(In x)- x— j cos(In x)dx

X

For now : I =sin(Inx)-x— .[ cos(In x)dx

*

Integral J-cos(ln x)dx again solve with partial integration:

cos(Inx) =u dx=dv

J-cos(ln X)dx =| 1
-sin(Inx)—dx = du xX=v
X

cos(In x) - x — j X (-sin(Inx) i)dx =cos(In x)-x + j sin(ln x)dx =cos(In x) - x + I

So, we have : Icos(ln x)dx =cos(Inx)-x+1

Let's go back to the

I =sin(Inx)-x— j cos(Inx)dx , here we replace .[ cos(Inx)dx =cos(Inx)-x+1
I =sin(Inx)-x—[cos(Inx)-x+1]

I =sin(Inx)-x—cos(Inx)-x—1

I+1=sin(Inx)-x—cos(Inx)-x

21 = x-[sin(In x) — cos(In x)]

I =

x -[sin(In x) — cos(In x)] N
2
Add a constant C only when 7 express

C




Most professors like to explain this type of integrals in the integrals:
.[ e'sinxdx and J-e" cos xdx

We will do a more general example:

Example 11. je"“" sin bxdx =?

sinbx =u e“dx=dv
1= .[e”" sin bxdx =|cos bx - (bx)'dx = du je“"dx =V =

bcosbxdx = du 1 e“ =v

a
=sinbx- le‘“ —j 1 e“bcosbxdx = M —é e™ cos bxdx
a a a a
For now, we have: 1= ¢’sinbx b J-e"“" cos bxdx
a a

Solve je"“" cosbxdx , and we will return that to the solution...

cosbx =u e“dx=dv
j ™ cos bxdx = |—sin bx - (bx)'dx = du j e“dx=v|=
—bsinbxdx = du le”" =y
a

e cosbx b
—+_

=cosbx- le‘” —j le”" (—bsinbx)dx = e™ sin bxdx
a a a a
So: I e™ cosbxdx = m + éj e“ sinbxdx or

a a

Ie‘“ cosbxdszObe+é-I
a a




I =

Lmbx b .[ e™ cos bxdx

a
e “sinbx b (e cosbx b

a a

i j here we have to express /
a a

2
j_eisinbx_be CObe_b_[ ........... [sa’

a az a

a*-I=a-e“sinbx—b-e” cosbx—b* -1
a*-I1+b>-I=a-e“sinbx—b-e™ cosbhx
I(a*> +b*)=a-e™ sinbx—b-e™ cosbx
_a-e”sinbx—b-e” cosbx
B a’+b*

e“(a-sinbx—>b-cos bx)

=
a’+b’

The solution to this generalized integrals can be applied to solve such .[ e'sinxdx. How?

e“(a-sinbx—b-cosbx) e (1-sinlx—1-coslx) _|e"(sinx—cosx)

For a=1 and b=1 is =
a’+b’ 1> +1° 2

oy
e*(sin x—cos x) L C

So: .[e" sin xdx =

Example 12. J-\/a2 —x’dx =7

This is one of the most famous integrals which can be solved in several ways.
Let's see how this would work out with the partial integration ...

First, we must do a “little” rationalization:

\/7 \/a —X \/a —x az—xz _ az . xz
1 \/a —x2 \/Clz—x2 \/Clz—x2 \/612—)C2

So, now we have two integrals (the start integral we will mark with 7)

Izjmdxz

a2 d x2 d



2 . X
=@ -arcsin—

2! dx
N a

A second will solve with partial integration:

2
) a
The first of these is tablet: jﬁdx =a

xX=u de:dv

2
j X \/(12—)62

x = du ———dx=v
2 2
Na —x
First to solve:

2 2 2
a —x" =t

j%dxz ﬂxdle(tdt :_[#z—t:—m

xdx = —tdt
Now go back:
X
X=u ————dx=dv
5 Na* —x?
J-%dxz _* dx=v Z—X\/az—xz—j(—\/az—xz)dx
@ =X dx=du I\/az—xz
—~a*-x* =v

2
j%dx =-xva'-x’ +j(\/a2 —x7)dx
va —x
x2
j—dx =—xva'—x" +1
NI
To remember the beginning:
a’ x’
el
I =d*-arcsin > — (=xva’ —x* +1)

a

X
I=a’ arcsin=+xva’—-x* =1
a

X X
I+1=a" arcsin=+xva’ —x> =21 =a”-arcsin=+xva’ —x° and finally:
a a

1 :%(az - arcsin > + xv/a? —x2j+C

a




